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Abstract. 
 
In a wide class of propagators regularized by the ε-metric [1], the R-operation is 
formulated. It is proved that the limit of renormalized Feynman integrals exists and is 
covariant. Possible applications in gravity are discussed.
*) 
 
1.    Introduction. In the previous work of the author [1], the regularization of   
       propagators was introduced using a complex ε-metric in          : 
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   , 0 < ε < 2π.                       (1) 
                                                        
ε = +0  corresponds to the Minkowski space[time] with the correct direction of the 
time arrow, ε = π corresponds to the Euclidean space. 
In this case, the propagator (ε-correlator) of a free massive scalar field 
regularized with (1) in the momentum representation has the form [1]: 
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       and  (2) admits the α-representation [1]: 
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where     ,         ,      . (As in [1], all integrals are Lebesgue integrals 
[2]). In [1], a wide class of proper ε-correlators was introduced. For convenience of 
presentation, the definition of the proper correlator is given in section 2. 
In section 3 of this paper, we  consider an arbitrary Feynman integral made up 
of proper ε-correlators and corresponding to a connected graph Г. If the divergence 
indices of subgraphs Г are negative, then for 0 < ε < 2π  and all external momenta, the 
integral exists and is reduced to a convergent integral over α-variables, the explicit 
form of which is given (Proposition 1).  
The R-operation is formulated in the  α-representation. If we take a set of nests 
[3] composed of arbitrary sets of lines as a renormalization array, then the 
renormalized integral for            and all external momenta exists, generates a 
regular generalized function that has a covariant limit (in the space of generalized 
functions) for           Herewith the question of reducing the renormalization array 
is considered. It turns out that if the ultraviolet [UV] dimensions of the correlators [1] 
satisfy the inequality 
          
 
then the renormalized integral does not change if we make the following 
renormalization array replacement: nests from arbitrary sets of lines (    )      
forests from strongly connected sets of lines (     )     forests from strongly 
connected complete [3] sets of lines (      ). 
In section 4, possible applications of regularization by the ε-metric in gravity are 
discussed.  
2. Proper ε-correlators. We present the definition of proper ε-correlator and a 
number of relations from [1]. 
Definition 1. ε-correlator (  )
 
               is called  proper one,   if  for all 
          (and      ) it can be presented as  
(  )
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. a)  f (α) is holomorphic in the region  {     }  and continuous in         
     {     } { }    
     b)             for              
    c)  for some       and all     the relations are valid 
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and 
      (    )   
when            
2
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. there exists a holomorphic function       defined in               which for        
             is equal to 
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0
.        is a polynomial in    with coefficients (possibly matrix-valued)  smoothly 
depending on ε,  and         is covariant. 
The integral in (3) converges due to the conditions 1°, 2° and the relation: 
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      )|     (              
      )                                                                                                                                         
As was established in [1], the quantity 
                                      ,                                                        (5) 
 
where dim P is the highest degree of the polynomial in (3), characterizes the behavior 
of (3) at large momenta and is called the ultraviolet dimension of the ε-correlator (3). 
We also present the majorizing inequalities from [1]: 
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where    
    
    ̅   is the Euclidean square [of the vector]. 
 
3.Feynman Integrals. R-operation. The limit     . Consider the Feynman 
integral represented by a connected graph Г. Let each line of the graph presents a 
proper  -correlator (3). In the simplest case of the   -correlator (2), the Feynman 
integral exists for          if it exists in the Euclidean case (   ). This follows 
from the left inequality (6). We formulate a similar statement for proper  -correlators 
(3) in a weakened version. 
Proposition 1. Given a Feynman integral composed of proper ε-correlators (3) and 
represented by a connected graph Г. Let all divergence indices of subgraphs Г be 
negative [(    )]. Then the Feynman integral exists for         and all 
external momenta    and is represented as: 
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где 
where 
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                are defined in [3] (p. 76    77), and             and             
differ from those listed in [3] (p. 76    78) by replacing the Minkowski metric with the 
ε- metric.  In  (7) | |  is the number of lines in Г, Р  is the number of loops in  Г.  
We emphasize that in (8)     are momenta, and      are "coordinates", so that by 
virtue of the regularization prescription [1]: 
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        Proof. The Feynman integral with proper ε-correlators (3) has the form: 
                            ∫              ∫   ∫                                             
where  q is the set of external momenta;          . The existence of  the integral (9) 
for          ,  as well as the mixed integral 
∫               
and the repeated one 
∫  ∫               
and their equality to each other follows, for example, from the existence of the 
repeated integral 
                                        ∫  ∫  |          |                                                        
 (see [2], p. 318). The existence of [integral] (10) follows from the behavior           
(see Definition 1) and relation (4). Indeed, the momentum integral in (10) exists and 
has the Euclidean form (in                                ,   is replaced by 
    
 
 
  ). In this case, similar to the analysis carried out in [3] (p. 134), it is 
established that the singular point     is integrable (since     ).  
 At high α the convergence is provided by the cutting factor    ( ∑   
      
 
 
| |
   ). 
As for the calculations that lead to (7) - (8), they are easily carried out using 
combinatorial relations from [3] (p. 78-90) and the formula 
∫
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      ⁄
, 
where         
In general, the integral (7) may diverge. We formulate an R-operation that matches 
the integral (7) with a convergent integral for       . It is obtained from (7) by 
replacing 
     , 
where 
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Here          { }  is the set of non-empty sets of lines of graph Г;       and 
     is the set of non-empty forests ( F(Х)) or nests (N(Х)), made up of Х [3]. 
As Х is usually used             
     
    where       is the subset of   , 
consisting of all strongly connected sets of lines,      is the subset (of     consisting 
of all strongly connected complete sets of lines.   
   { |           }   and  
analogous definition for     
    Operators       are defined in  [3] (p. 110) and  
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In (11) [∑      ] is  integer part of the sum of dimensions of   -correlators . We call 
      as a renormalization array. The following proposition is valid  
Proposition 2. If                                                                               
then                                                                                                           
if                                                                                                             
 then                                                                                             
Proof. In the case (13), the statement (13a) is obtained by a trivial generalization of 
statements 1–4 from [3] (pp. 119-125). Moreover,       and        are used to 
prove the analogue of statements 3 and 4 from [3]. In the process of proof, the 
inequalities for integer parts are used:  
               
               
 In case (12), it is enough in statements 1-3 of [3] to replace the word “proper” with 
the phrase “strongly connected” to obtain (12a). 
We  formulate the convergence theorem. We consider proper correlators (3) 
with integer ultraviolet dimensions. Below we use the notation    | |   , where 
| | is the number of vertices of the graph. 
Theorem. A connected graph Г is given that represents the Feynman integral 
with proper ε-correlators (3), whose UV dimensions (5) are integers. If we take      
as the renormalization array, then  
a) for           and all        , the renormalized Feynman integral exists 
and generates 
                   
        
          b) in          there exist a limit   
                                                      
    
                                                                   
          c) which is covariant. 
Proof. a) The proof of the existence of the renormalized integral fits entirely into the 
scheme developed in [3]: the integral is divided into sectors, classes of equivalent 
nests are distinguished, R - operation is written using integro-differential operators 
with respect to the variables   . The original integral is divided into the sum of  
 | |      terms of the form 
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where        are half-integers, integration over    goes over the compact set ∆, 
  (       | |          )   (      | |    )    | |  
 
and 
            | |     
 | |       
The function  ̃     is holomorphic in all points of  ∆, 
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where        are rational functions of the parameters   holomorphic at all points of 
∆. The compact ∆  is a cube:        | |    .         is a polynomial in the 
components of         with coefficients that smoothly depend on  . 
We introduce the following notation: 
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For                          | |     the estimate is valid: 
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where      is an arbitrary positive number;     is an integer [number]. Indeed, 
by virtue of Definition 1, the inequality is valid: 
|      |     (| |
      | |  )  
where       is arbitrary,   {     } ,          ⁄    is half-integer (since the 
dimension:     in (5) is integer),    can be chosen so that      . 
Then 
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where       
  Combinatorial analysis in the framework of the scheme and notations of [3] 
gives the following estimates: 
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Here        | |   and  | |   . The difference between (19) and the corresponding 
expressions in [3] (p. 142)  arises because in our case there are no combinations 
           in the powers of the parameters    (11), as is the case in [3], but the 
dimensions: 
               .  
The estimate (17) follows from (18) and (19). As N , we can take 
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The following estimates are also valid: 
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for           and all        and  . Inequality (21) is trivial, (20) follows from 
the inequality 
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and the fact that           is a linear combination of squares  ∑    
 , with non-
negative coefficients. 
The integral in (15) by virtue of inequalities (17), (20) and (21) for          
and all        exists, and so there exists an initial renormalized integral (obtained 
from (7) by replacing      , where    is given by formula (11)). This integral is 
equal to the sum of terms of the form (15): 
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In (22),         are defined by integrals of the form (we omit the index  ): 
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with previously introduced notations. 
By virtue of inequalities (17), (20) and (21) for                        are smooth 
over q in      and bounded. Then        is “slowly integrable” (see [1]) for  
         and generates 
      ∑        
 |  |  
   
           
       
where             
        are  generated by        ;         are operators (in 
       ) of multiplication by polynomials        . 
b) to prove the existence of a limit (14), it is sufficient to prove the existence of 
the limits in          ): 
                                                  
    
                                                                         
then the limit (14) exists and is equal to 
                                       
    
      ∑        
 | |   
   
                                                      
where        are continuous operators in  
       - operators  of  multiplication by 
       .            are covariant. 
So, it is enough for us to prove the existence of the limit      in          
for a regular generalized function given by the integral (15a). 
The proof of this fact is carried out in complete analogy with the proof 
presented in [3] (p. 145-148).  
  We divide (15a) into the sum of two terms: 
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where 
     |    ∫  
 
∫            (        )  
 
 
 
    (        (                   )) 
 
and a similar expression for      |    ,  obtained by replacing       . 
Here       is a smooth function on R equal to zero for         and unity for  
               | |
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       Both functions in (25) 
generate regular generalized functions for                 
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We give one useful relation used in the following: 
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where                   is the sum of Euclidean squares with non-negative 
coefficients. 
Consider      |    . The presence of the factor (   (        ))  
makes it possible for          to rotate the integration contour      . Indeed, q 
with                  are essential, then for          , by virtue of (26), we 
obtain:     
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where                                   . By virtue of (27), 
rotation of the integration contour with respect to t is possible by an angle    ⁄  
     
 Then 
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where        . 
 The integral in (28) also exists for      and defines a bounded smooth 
function    |    ,  generating 
                                                                                                       . 
Moreover, in          
                                      
    
   |                                                        
Relation (29) (as well as similar relations below) are easily proved by applying the 
Lebesgue theorem [2] (p. 302) to the mixed integral ∫      { },  obtained from 
〈   |      〉   ∫       |          
where         . (The Lebesgue theorem formulated in [2] for sequences is also 
valid for  -networks). 
Consider the second term in (25):      |  . We divide it into the sum of two 
terms: 
                                |          |          |                                       
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 ∫           (        )  
 
 
 
                   (        (                   ))                      
and similarly 
      |    ∫  
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For          relation (31) defines an ε-network of regular generalized 
functions from               |  , which is continuous at the point    : 
           
               
      |       |                                                                                  
Consider     |   - a network of regular generalized functions from   
        
generated by (32) (       )). The following representation is valid:  
                                 |     ̂     |       |                                              
                                                                                                                                  
where     |                 is generated by a smooth bounded function 
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   |               порождено      |   суммой интегралов, получаемых 
при действии дифференциального оператора    ̂ (36) на      |    тех и только 
тех слагаемых, в которых хотя бы одна производная из (36) действует на 
 (        ). Указанное разбиение корректно. Действительно, в силу наличия 
в (35) множителя (        ) существенны те q, для которых 
   |                is generated by       |    – the sum of integrals obtained 
under the action of the differential operator    ̂  (36) on       |   - those and only 
those terms in which at least one derivative from (36) acts on  (        ). The 
specified splitting is correct. Indeed, due to the presence of the factor  (        ) 
in (35), those q are essential for which 
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By virtue of (26) 
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Then, due to of inequalities (17), (20), (21) and (37), integral (35) exists for   
        and all q and generates an ε-network (        )  
   |               
continuous at the point    : 
                                   
    
   |      |                                                                       
Representation (34) is easily verified. As for      |  , here we have the sum 
of the integrals in which the derivatives of  appear. The  derivatives of   have 
supports contained in      ⁄         . As in the case of       |    , for 
        we can rotate the integration contour over t:       and prove the 
existence of the limit 
                                                
    
   |                                                             
By virtue of (25), (29), (30), (33), (34), (38), (39) and the continuity of the operator  
 ̂,   there exists a limit 
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That is, the existence of limits (71) and (72) is proved. 
c) Explicit expressions for             |      |    and       are 
covariant; therefore, Z in (40) is covariant. Then (24) is covariant  due to the 
covariance of     and        . 
4. Possible applications in gravity. So far, we have considered the flat case. 
However, the regularization of the ε-metric can be generalized to the case of curved 
space-time. Indeed, let a pseudo-Euclidean metric be given 
                                                 
                                                          
and D-bein is given  
                                           
                                                                           
locally leading (41) to the canonical form 
                                              
                                                                     
and in coordinates 
             
      
      
 
Consider the ε-metric 
                                                        
                                                       
and accordingly in the coordinates 
   
         
   
      
      
where    
    is defined in (1).  
Such an ε-metric is defined not by   (41), but by D-bein (42), leading (41) to 
its normal (canonical) form. For    , we obtain 
           ∑      
   
   
 
- the Euclidean metric accompanying (43). 
Using the ε-metric (44), one can correctly justify the Schwinger-DeWitt proper 
time formalism [4]. So, for example, for the inverse operator 
             
                
where (for    ) 
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Proper time representation  looks like 
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         (  
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 and √   is the branch of the square root with the cut           normalized by the 
condition: √          . 
Using the ε-metric (44), the transition to the Euclidean theory is correctly 
carried out. Perhaps the use of (44) will prove to be useful in connection with 
Hawking's hypothesis about the Euclidean nature of the initial singularity and 
tunneling into the pseudo-Euclidean world [5].  A number of physical questions 
remain open: should we consider different signature sectors of a non-degenerate 
metric when quantizing, or should we consider a pseudo-Euclidean (or Euclidean in 
Hawking's formalism) sector? Are signature phase transitions possible? Are 
transitions possible with a change in the arrow of time? Do domains with a Euclidean 
or 2 + 2 signature exist in the Universe? etc.  
Perhaps the introduction of a complex metric will be useful not only from a 
methodological point of view, but also from a physical point of view. 
5. Conclusion. The regularization of pseudo-Euclidean singularities introduced in [1] 
using the complex  -metric has several advantages compared to covariant 
regularization [3]. It preserves some properties of the Euclidean theory for      
   : at large momenta,  -correlators usually behave like Euclidean correlators, and so 
the convergence of Euclidean integrals implies the convergence of the integrals in the 
 -metric; the regularity of  -correlators in the coordinate representation, as a rule, is 
guaranteed by regularity [of correlators] in the Euclidean case (see [1]). In addition, if 
the integral “good in indices” in the covariant regularization, generally speaking, 
exists only in the  -representation (see [1]), then in the  -metric this integral also 
exists in the momentum representation. Thus, using the  -metric, the transition to the 
 -representation is justified. The only drawback of the proposed regularization - non-
covariance - is of an intermediate nature: in the limit ε = +0, covariant generalized 
functions are obtained
**)
.  
All of the above gives reason to believe that regularization by a complex metric 
is an integral part of constructing a perturbation theory for a quantum field theory in 
the space of a pseudo-Euclidean (or any other alternating) signature. 
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